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STUDY OF GENERALIZED LEGENDRE-APPELL POLYNOMIALS VIA
FRACTIONAL OPERATORS

SUBUHI KHAN'!, SHAHID AHMAD WANI> AND MUMTAZ RIYASAT?

ABSTRACT. In this article, the operational definitions and integral representations are com-
bined to introduce new families of the generalized Legendre and generalized Legendre-Appell
polynomials. The explicit summation formulae, determinant definitions and recurrence rela-
tions for the generalized Legendre-Appell polynomials are derived by making use of the integral
transforms and appropriate operational rules. An analogous study of these results for the gen-
eralized Legendre-Bernoulli, Legendre-Euler and Legendre-Genocchi polynomials is presented.
Several identities for these polynomials are also derived by employing appropriate operational
definitions.
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1. INTRODUCTION

Differentiation and integration are usually regarded as discrete operations, in the sense that
a function can be differentiated or integrated once, twice, or any number of times. However, in
some circumstances it is useful to evaluate a fractional derivative. Fractional calculus is a branch
of mathematical analysis that studies the possibility of taking real number powers or complex
number powers of the differentiation operator. The combined use of integral transforms and
special polynomials provides a powerful tool to deal with fractional derivatives, see for example
8].

One of the important classes of polynomial sequences is the class of Appell polynomial se-
quences [2], which arises in numerous problems of applied mathematics, theoretical physics,
approximation theory and several other mathematical branches. The generating function for
the Appell polynomial sequences is given by

(e.0) tn
Alw0) = A =Y A (1)
n=0 ’
The power series A(t) is then given by

A =" An%n,, Ag # 0, 2)
n=0 :
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with A; (i =0,1,2,---) being real coefficients and the function A(t) is an analytic function at
t = 0. The class of Appell sequences contains a large number of classical polynomial sequences
such as the Bernoulli, Euler, Genocchi, Hermite and Laguerre polynomials etc.

The generating function for the Bernoulli polynomials B, (y) is given by [9, p. 36]

t = tn
(o) e =X Bty 1) <2, Q

n=0

where By, := By(0) is the k" Bernoulli number.
The generating function for the Euler polynomials E,(y) is given by [9, p. 40]

2 = tn
(o) e = X By i< (@)

n=0

where Fj, := 2E), (%) is the k' Euler number.
The generating function for the Genocchi polynomials G, (y) is given by [14]

<et+1> ZG t] <, (5)

where G}, := G1,(0) is the k" Genocchi number.

The Appell polynomials and related members are being characterized from different aspects,
for this see [10, 13, 15, 16, 17, 18, 19, 20].

Various generalizations of the special functions of mathematical physics have witnessed a sig-
nificant evolution during the recent years. This further advancement in the theory of special
functions serves as an analytic foundation for the majority of problems in mathematical physics
that have been solved exactly and find broad practical applications. An important development
in the theory of generalized special functions is the introduction of multi-index and multi-variable
special functions.

To give an example, we consider the 2-variable Legendre polynomials Sy, (z,y), introduced by
Dattoli and Ricci [7]. These polynomials are of intrinsic mathematical importance and also have
applications in physics. The generating equation for the Legendre polynomials is given by [7]

eVt Jo(2ty/—x) = ZS (z y (6)

where Jo(xt) is the 0" order ordinary Bessel function of the first kind [1] defined by the following
series expression:

0o n+2k
) = 3 e "

We note that N
_ n x
exp(—aD; ') = Jy(2vax), D "{1} := PR (8)

is the inverse derivative operator.

The polynomials S, (x,y) are also defined by the following operational rule:

o (D 25 ) ) = (o) o)
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Next, we recall the 2-variable Legendre-Appell polynomials (LeAP) gA,(x,y), were intro-
duced by Khan and Raza [11]. The generating equation for the Legendre-Appell polynomials
sAp(z,y) is given by

A(t) exp(yt)Jo(2ty/—x) = ZSA x y (10)
or, equivalently

A(t) exp(yt) exp(D ZSA xy : (11)

From equation (11), we have

0? 0
72514%(337 y) = n(n - 1)5An72($7 y) and 7_1314”(.%', y) = 7’L(7’L - 1)5‘4%72('%‘7 y)? (12)
oy 0D
which consequently gives
G sanle) = s (13
8y25 n 73/ _aD;1$ n 7y'
Also, from generating functions (11) and (1), it follows that
SAn(Oa y) = An(y)a (14)

solving equation (13) with condition (14) yields the following operational rule for the LeAP
SAn (.ﬁU, y)
y 07
snlog) = exp (D715 ) (A} (15)
The Euler’s integral forms the basis of new generalizations of special polynomials. Dattoli et
al. in [8] used the Euler integral to find the operational definitions and the generating relations
for the generalized and new forms of special polynomials.

The Euler integral is given by [17, p. 218]

1
I'(v)

e~ t"=1dt, min{Re(v),Re(a)} > 0, (16)

IS
|
S
Il
o —

which consequently yields the following [8]:

o g 00 3 o 9 00 o
<a - 8) F@) = rh [ et e @t = oy [erete ! faenarn(7)
For the second order derivatives, we have the following formula:
82 - 1 r —atv—1 t8722
a-53 flx) = o) e YT e oa? f(x)dt. (18)
0

In this paper, the generalized forms of the Legendre polynomials and Legendre-Appell poly-
nomials are introduced and studied via fractional operators. The explicit summation formulae,
determinant definitions and recurrence relations are derived for the generalized Legendre-Appell
polynomials. The corresponding results for the generalized Legendre-Bernoulli, Legendre-Euler
and Legendre-Genocchi polynomials are also deduced.
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2. GENERALIZED LEGENDRE-APPELL POLYNOMIALS

To give the operational rule and generating equation for the generalized Legendre polynomials,
we prove the following results:

Theorem 2.1. For the generalized Legendre polynomials S, (x,y; «), the following operational

rule holds true:
P\
(a - D, <8y2)> y" =15 (2, y; ). (19)

Proof. Replacing a by (a — (Dm 1 aay )) in integral (16) and then operating the resultant equa-

tion on y", we find

~1 82 - n 1 r —atyv—1 -1 82 n
0

which in view of equation (9) becomes

<a—Dx1 (;;»_V ") = F(ly 0/006 atr1G (ot y)dt. (21)

The transform on the r.h.s of equation (21) defines a new family of polynomials. Denoting
this special family of polynomials by ,S,(x,y;«) and naming it as the generalized Legendre
polynomials, so that we have

1 oo
vz, y; ) = ) /eattl’lSn(a:t,y)dt. (22)
0
In view of equations (21) and (22), assertion (19) follows. O

Theorem 2.2. For the generalized Legendre polynomials ,Sy(z,y; ), the following generating
function holds true:

exp(yu)
(o — (D 'u?)) ZS nya .' (23)

Proof. Multiplying both sides of equation (22) by ﬁ and summing over n, we find

o0

> Sl a) " =

n=0 =

n

/e atgr=lg ( mt,y)% dt. (24)

0
Using equation (6) in the r.h.s. of equation (24), it follows that
)

i S (1: Jia )Q;n - eXp((lg/J)u / (a D' ) ty_ldt. (25)
n=0

Making use of equation (16) in the r.h.s. of the above equation, assertion (23) follows.
O

Next, we derive the operational definition and generating equation for the generalized Legendre-
Appell polynomials by proving the following results:
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Theorem 2.3. For the generalized Legendre-Appell Polynomials ,sA,(x,y; ), the following
operational definition holds true:

(a0 (23)) (A} = sulesia) (26)

Proof. Replacing a by (oz - D! ((5;)) in integral (16) and operating it on A, (y), we find

(007 (2)) " i - 1 [t (102 20) e
0

which in view of equation (15) becomes

o0

<a - D! <§;>> F(ly /e_o‘tt” Lo A, (xt,y)dt. (28)

0

The transform on the r.h.s of equation (28) defines a new family of polynomials. Denoting this
special family of polynomials by A sA,(x,y; @) and naming it as the generalized Legend-Appell
polynomials, so that we have

1 oo
An . —atyv— 1 9
vS ($7y7 F(V /6 t ZEt y)dt ( 9)
0
In view of equations (28) and (29), assertion (26) follows. O

Theorem 2.4. For the generalized Legendre-Appell polynomials ,sAy(x,y; ), the following
generating function holds true:

n

A(u) exp(yu > U
(a(_)(Dz_Il)rELy?)))V = T;OVSAn(zay; O‘)ﬁ (30)

Proof. Multiplying both sides of equation (29) by %} and summing over n, we find

n!

> sl i) =3 / e g Aot ) i (31)
n=0 n=0 0

Using generating function (11) in the r.h.s. of equation (31), it follows that

S o A<>p<y>7° (o) 1
Z)VSAn(a:,y, a) = ) e v dt, (32)
"= 0

which on use of integral (16) in the r.h.s. yields assertion (30).
(I

Remark 2.1. We remark that, for « = v = 1 and 2 — D!, the generalized Legendre polynomi-
als S, (x,y; @) and generalized Legendre-Appell polynomials  gA, (z,y; «) reduce to Legendre
polynomials S, (x,y) and Legendre-Appell polynomials gA, (z,y), respectively.

Next, we derive an explicit summation formula for the generalized Laguerre-Appell polyno-
mials  gA,(x,y; a) by proving the following result:
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Theorem 2.5. For the generalized Legendre-Appell polynomials ,sAn(x,y,; ), the following
explicit summation formula in terms of the generalized Legendre polynomials ,Sy(x,y; ) and
Appell polynomials Ay (y) holds true:

e Zf()( et ot dw) S e @)

k=0 r=0
Proof. Consider the product of generating functions (1) and (23) in the following form:
tn—H’

A)e" (a— (D 1%) Yexp(yt) = ZZA (T, y;0) ——

n! 7!
n=0 r=0

(34)

Replacing n by n — 7 in the r.h.s. of equation (34) and shifting the first exponential to the
r.h.s., it follows that

A(t) (o = (D7'#%)) " explyt) = ZZZ( ) DFuwt A, (w )uSnfr(w,y;a)% (35)

n=0 k=0 r=0
which on replacing n by n — k gives

A (0 — (D312)) ™ exp(y) :i?%(ﬁ)(”;’“}mk 0 Ar0) St 07 )

0
(36)
Finally, using generating function (30) in the Lh.s. of equation (36) and then equating the
coefficients of like powers of ¢ in the resultant equation, assertion (34) follows.

O
Remark 2.2. By taking A(u) = <ﬁ> and A, (u) = By(u) in equations (26), (30) and (33),
we find that for the generalized Legendre-Bernoulli polynomials B, (z,y;«), the following
operational rule, generating equation and explicit summation formula hold true:

(a0 (23)) (Bt} = sBatotia) G7)
() Gt = S sute 'y, 39
B =35 () (" e ot B S 9

k=0 r=0

Remark 2.3. Taking A(u) = Tﬂ) and A,(u) = E,(u) in equations (26), (30) and (33), we
find that for the generalized Legendre-Euler polynomials s Ey, (z, y; @), the following operational
rule, generating equation and explicit summation formula hold true:

(a - D! (;;) ) B {En(y)} = ,sEn(z,y; ), (40)
<eu2+ 1> (a _eggffﬁ))y = gusEn(x,y; a)%7 (41)

5Fn(, 330 Zf()( vt ot Bw) S oa). (42)

k=0 r=0
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Remark 2.4. Taking A(u) = ( 2u )
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ev+1

and A,(u) = Gp(u) in equations (26), (30) and (33),

we find that for the generalized Legendre-Genocchi polynomials ¢Gy, (2, y; «), the following
operational rule, generating equation and explicit summation formula hold true:

(a0 (25)) Galo) = sGutosa)

USGn($7 Y; a) =

ay?

exp(yu)

[e.e]

== ,5Gn(z,y; a)%

n=0

n

nl’

)(—1)’f W G(w) oS (2,4 ).

(43)

(45)

In the next section, we derive the determinant forms and recurrence relations for the gener-

alized Legendre-Appell polynomials and related members.

3. DETERMINANT FORMS AND RECURRENCE RELATIONS

To express the generalized Legendre-Appell polynomials via determinant, we prove the fol-

lowing result:

Theorem 3.1. For the generalized Legendre-Appell polynomials ,sAn(z,y; ), the following
determinant form holds true:

VSAQ(I’,y;CE) = %07

,,SAn(l',y; a) =

wheren =1,2,---

1 LSi(z,y )

Bo B1
-y~ | 0 Bo
(Bo)™*!

0 0

0 0
; 507 /817 T

VSQ(:E7 Y; a)

,Bn € R; fo # 0 and

vSn—1(,y; @)
B
("7")Bn2
("2")Bn-s

Bo

ﬁnz—%o(i () Ay Bn_k), n=1,2--- .

k=1

vSn(z,y; )
Bn
(1) Bn
(2)Bn—2

()6

(46)
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Proof. We consider the following determinant definition for the Appell polynomials [5, p.1533]:

1
A - _
o(y) 5, (49)
1y y ! Y
Bo Br B2 - Brn—1 Bn
An(y) — ((ﬁ_)ln)jl 0 Bo @) b1 - (nzl)ﬁn—Q (711) Bn_1 ' (50)
0
00 o - ("3)Bu-s (5)Bu
0 0 0 - /30 (nil)ﬁl

Taking n = 0 in formula (33) and then using equations (49) and (50), we get assertion (46).

Further, expanding determinant (50) with respect to the first row and then operating

-V
a— (D‘liz)) on both sides of the resulting equation and then using equations (19) and

T Oy?
(26), we find
Bl 52 T 57171 ﬁn
Bo B o ("THBa—2 (})Ba-
. _ (_l)nVSO(Qj?y;a) _ (-1)”1,51(1’,];;01)
SANEGO =TT 00 By (3 Bass (2)Pas (o)1
0o 0 - Bo (," )5
Bo B2 - Brn-1 Bn Bo Br - Brn-1 Bn
0 B - ("7YBn—2 (1B 0 Bo - ("7Bn=2 (})Ba-
+ (_1)n1/52(x,y7 a) 4.
0 Bo - ("3)Bas (5)Bu2 (Bo)"tt 00 - (")Bn-s (5)Bu2
0 0 Bo (," )5 o 0 -- Bo (," 1) B
Bo B P - Br

0 Bo ()81 -+ (})Ba

+(71)2n711/5n—1(l‘3y;a)
(Bo)+1 0 0 B - (5)Bn2

00 0 (1)
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Bo B1 P2 - Bn-1
0 Bo (B - ("7HBu-2
vSn(,y; @)
TG L0 0 By - (%3Y)Bus (51)
0 0 0 ()5

Combining the terms in the r.h.s. of equation (51), we are lead to assertion (47).

e Taking By =1 and §3; = H% (i=1,2,....,n) (for which the determinant form of the Appell polyno-
mials A, (y) reduce to the Bernoulli polynomials B, (y) [4, 5]) in equations (46) and (47), the determinant
definition of the generalized Legendre-Bernoulli polynomials | s B, (z,y; @) can be obtained.

e Taking By = 1 and 8; = 3 (i = 1,2,.....,n) (for which the determinant form of the Appell polynomials
A, (y) reduce to the Euler polynomials F,(y) [5] in equations (46) and (47), the determinant definition
of the generalized Legendre-Euler polynomials ,sE,(z,y; ) can be obtained.

e Taking By =1 and 3; = m (i=1,2,....,n) (for which the determinant form of the Appell poly-

nomials A, (y) reduce to the Genocchi polynomials G,,(y) in equations (46) and (47), the determinant
definition of the generalized Legendre-Genocchi polynomials ,sG,(x, y; &) can be obtained.

Next, we derive the recurrence relations for the generalized Legendre-Appell polynomials gA,, ., (z, y; «)
by taking into consideration their generating equation.

On differentiating generating function (30), with respect to y, D;! and «, we find the following

T
recurrence relations for the generalized Legendre-Appell polynomials | s A, (x,y; a):

0
aiy (uSAn(‘rv Y; O[)) =n USAn(I, Y3 Oé),

0
30T (,,SAn(mvy; a)) =vn(n—1),,,s4n(7,y; ),

0
%(VsAn(.%,y;OZ)) =V ,,+1SAn(:L'>y§a)a (52)

which consequently yields
0 03
87;1(,,51471(537%04)) = %0 s A (2, y; ). (53)

In the next section certain identities for the Legendre-Appell polynomial family and some of its mem-
bers are obtained as applications of the results derived in Section 2.

4. APPLICATIONS

Several identities involving Appell polynomials and related members are known in literature. The op-
erational formalism developed in the previous section can be used to obtain the corresponding identities
involving generalized Legendre-Appell and related polynomials. To achieve this, we perform the following
operation:
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. 92\ 7Y . . .
(O) operating (a - D, 1672) on both sides of a given relation.

First, we consider the following results for the Appell polynomials A, (y) [5, (31-32) p.1534]:

100 = (=5 (1) e ). m= 12 69
k=0
Y= ; (Z),@n_k Aly), n=0,1,--- . (55)

Performing operation (O) on both sides of the above equations and then using operational defini-
tions (19) and (26), we obtain the following identities involving generalized Legendre-Appell polynomials
LS A (z,y; @):

n—1
1 n
VSAn(xa Y; Ol) = % (USn(m>y7 a) - Z (k’) 5n—k ySAk(Iay; a))a n= 1; 2, Ty (56)
k=0
uSn(%yy Oé) = kz_o (Z) ank ,,SAk(xa Y; Oé), n= 07 1) o (57)
Next, we recall the following functional equations involving Bernoulli polynomials B, (y) [12, p.26]:
Boly+1)—=B,(y)=ny" ', n=0,1,2...., (58)
n—1 n
Z ( )Bm(y) =ny" Y n=2234..., (59)
m=0 m
m—1 k
B, (my) =m"! ];) B, <y + m) ,n=0,12..... m=1,23... (60)

Again, performing operation (O) on both sides of the above equations and then using operational
definitions (19) and (37), the following identities involving generalized Legendre-Bernoulli polynomials
By (z,y; ) are obtained:

LsBrn(z,y+1;a) — sBu(z,y;0) =n ,Sp-1(z,y;0), n=0,1,2--- | (61)

n—1

Z (n)VSBm($7y;a) =n uSnfl(xay;a)a n:2a374 ) (62)

m
m=0
m—1 ]{1

B,,(mz,my; a) = m" ! B, | z, —:a),n=0,1,2,... m=1,2,3---. 63
s musa) =S s (et ) n m (63

Further, performing operation (O) with use of operational rules (19), (40)and (43) on the following
functional equations involving Euler polynomials E,(y) [12, p. 30] and Genocchi polynomials G,,(y) [6,
p. 1038, (42)]:

En(y+1) + En(y) = 2y",
m—1 k
E, =m" ~-1)*E, - =0,1,2..; dd,
(m) =" 32 (1) (y+m)n mo
Gri1(y) + Gnly) = 2ny"
yields the following identities involving the generalized Legendre-Euler polynomials gE, . (z,y; «) and
generalized Legendre-Genocchi polynomials ¢G,, . (z,y; a):

SEn(T oy + 1) + s B2, y50) = 2 S, (2, y5 ), (64)

m—1 k
E,(mz,my;a) = m" ) B, [z, y+ —a), n=0,1.2,..; dd, 65
LsEn(mz, my;a) =m kZ:O( )5 (xy—i—ma) n m o (65)

,,SGTH»I(:B,:% Oé) + ,,SGn(xvy; Oé) =2n uSnfl(xa Y; Ol). (66)
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Finally, considering the following connection formulae involving the Bernoulli and Euler polynomials
[12, pp. 29-30]:

Buy)=2"Y" <n>BnmEm(2y), n=0,1,2.. (67)
m=0 m
2n+1 Yy + 1 y
Bu(y) = | Bun (*5=) ~ Bona (5)]. n=0.1,2.., (68)
n m—1
om Tk
En(my) = ———— 3 (~1)*Bu (%) n=0,1,2...,m even, (69)
k=0

which on performing operation (O) and then using appropriate operational definitions yields the following
connection formulae involving the generalized Legendre-Bernoulli and Legendre-Euler polynomials:

" /n
Bz, y:a) = 27" B sEn(22,2y:0), n=0,1,2... 70
B0 =27 S (1) B (22 (10)
gn+1 z oy+1 y.
I/SE (:L' Yy« )* n+ |: n+1(§7TaO‘) SE’IL+1(2 9’ ):|a 77,—0,1,2..., (71)
m—1
2m™ r y+k
LsEn(mx, my; « ot kz_o ¥ sBni1 <m’ - ;a), n=20,1,2,...; m even. (72)

Recently, certain new families of three variables associated with Legendre polynomials are introduced.
This approach can be further extended to give several important results for these polynomials involving
exponential and fractional operators.
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